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Groups with a Large Number 
of Large Disjoint Subgroups 
DANIEL FROHARDT* 
It is known that if G is a group of order 4N’, and G contains N mutually disjoint 
subgroups of order 2N, then the nonidentity elements of these subgroups form a dif- 
ference set in G. Cluck recently discovered a nonabelian example with N = 4 and 
showed it to be the only case with N=4 and G not elementary abelian. We show 
here that the only examples with N>4 are elementary abelian 2-groups. ‘( IYXI 
Academrc Press. Inc 
We are concerned here with the following situation: 
(*) G is a group of order 4N’, and ,X is a collection of N pairwise 
disjoint subgroups of order 2N. 
In [ 1, Theorem 1.11, it was shown that if G and X satisfy (*), and D is 
the union of all H# with H a member of X”, then D is a Hadamard dif- 
ference set. This means that every element of G# can be expressed in 
exactly i = N* - N distinct ways in the form XY ’ with x and y elements of 
D. Associated to this difference set D is a (0, k, 1, n)-design with u = 4N*, 
k = 2N2 - N, and n = N2, and a Hadamard matrix of order 4N*; see 
[ 5, p. 7 11 for further details. 
If N is a power of 2 and G is an elementary abelian 2-group, then by 
regarding G as a plane over GF(2N), every set X consisting of the 2N + 1 
lines in G will satisfy (*). For convenience, we shall refer to examples of 
elementary abelian 2-groups satisfying (*) as trivial examples. Further 
examples are easily found when N d 3. Gluck [2] recently discovered a 
previously unknown example G, of order 64, and showed that this example 
is the only nontrivial example of (*) with N = 4. 
The purpose of this note is to show that the examples just mentioned are 
in fact the only cases where (*) is satisfied. In particular, we prove the 
following theorem. 
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THEOREM Assume that G satisfies (*) with N > 4. Then G is an elementary 
ahelian 2-group. 
This paper is a sequel to Gluck’s [2] and follows in very broad form the 
basic outline of this approach. We also use several of his preliminary lem- 
mas. Nonetheless, the arguments here are substantially different from his 
and depend only on standard elementary properties of groups as found in 
[3] and [4]. 
We remark that all groups considered here are finite and that we follow 
the notation of [3], with the following exception. When SEG, we let SC 
denote the set of all elements which are G-conjugate to a member of S. 
We require two preliminary lemmas. The first is an easy consequence 
of a standard exercise, and the other is an elementary observation of 
Gluck [2]. 
LEMMA 1. Jf G is a group and more than a/Cl elements of G satisfy 
g’ = 1. then G is an elementary ahelian 2-group. 
Proqf: Since the identity map is an automorphism of G, this follows 
from [4, p. 60, exercise 121. 
LEMMA 2. Assume that G and 2 sati:fy (*). Let H and K be distinct 
elements qf .%. Then 
(a) G= HK, and 
(b) H”n KG‘= 1. 
Proof: Gluck [2] proves this. We repeat the proof here for the con- 
venience of the reader. (a) follows from order considerations. For (b), it 
suffices to show that H’: n K = 1 for all g E G. By (a), we have g = hk with 
hEHandkEK.Thus HRnK=HknK=(HnK)k=l. 
We are now ready to begin the proof of our Theorem. We assume hen- 
ceforth that G and X’ satisfy (*) with N > 4, and proceed in steps. 
Step 1. G is a 2-group. 
Prooj: Let N = 2k . m where m is odd, and let PE Syl,(G). By Lem- 
ma 2(b), we can replace any H in 2 by HE for arbitrary ge G. It follows 
from Sylow’s theorem that we can choose the elements of X so that 
H n PE Syl,(H) for all HE 2. Since the elements of X are disjoint, we 
have 
,,F; IHn P#l G IP#l. 
As 1x1 =2k.m and [HnPI =2kt’ for all HEX, we have 
2km.(2k+‘-1)<22k+2- 1. 
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This implies that m<2+2 mk. If k=O, then N=m < 3, contrary to 
assumption. Therefore k > 0 and m = 1, so that N = 2h and G is a 2-group. 
We now define the positive integer n by ICI = 22”. We also set 
Z= Q,(Z(G)) and let z = IZI. 
Step 2. I@(G)( <2”. 
Proof: For each HE 2, choose a maximal subgroup M, of G such that 
H<M,. Lemma 2(a) shows that M,#M, when H and K are distinct 
elements of P. Consequently G has at least 121 = 2” ’ distinct maximal 
subgroups. Therefore [G: Q(G)] - 1 3 2” ‘. This implies that I@(G)] < 2”. 
Step 3. Either G is elementary abelian or z < 2”- ‘. 
Proof: We first show that I # 2” ‘. Assume the contrary. Since 
1.81 > ]Z# 1, it follows that H n Z = 1 for some HE X. This implies that H 
contains no nontrivial normal subgroups of G. We have IHZl = 
IHIIZI =2”‘-I, so that HZ= H x Zq G. Therefore @(H)s G, and 
Q(H) = 1. This implies that HZ is elementary abelian of rank 2n - 1. If 
t E G\HZ, then G = HZ( t ) and t2 E HZ. It follows from Jordan canonical 
form that C,,(t) has rank at least n. We conclude that H n C,,(t) # 1 
which is impossible because H n C,,,(t) < Z(G). Therefore 2 # 2” ‘. 
Now assume that z > 2” and that @i(G) # 1. Then G contains a central, 
elementary abelian subgroup Z, of order 2” with Z,, n Q(G) # 1. Suppose 
HE% and HnZ,=l. Then G=HxZ, so that @(G)=@(H), and 
Q(G) n Z, = 1, contrary to the choice of Z,. This shows that for all HE X 
we have H n Z, # 1, whence HZ, < G. Choosing maximal subgroups M, 
with HZ,,< M,,, the argument of the previous step shows that @(G/Z,) 
has index at least 2” in G/Z,. Therefore G/Z, is elementary abelian, and G 
has exponent 4. 
By Lemma I, G contains at least 22” ’ elements of order 4. Since n >, 4, 
we have 2*” * > 2”, so that G contains elements h, and h, of order 4, with 
h, Z, # h,Z,. Since all elements in h,Z, have the same nontrivial square, it 
follows that at most one element of X intersects h,Z, nontrivially. 
Therefore at least 2” ’ - 2 elements H of .YY satisfy H n h, Z. = 
H n h,Z, = a. For each such H, we have h, $ (H, h, h2, Z,). Since G/Z, is 
elementary abelian, we can choose maximal subgroups N, with HZ, < N,, 
hlh2ENH, and hl$NH. Then h,$N,, so that N,EM where M is the set 
of all maximal subgroups M of G which satisfy Z, < M and 
M n {h,, h,} = @. Lemma 2(a) implies that the subgroups N, are distinct, 
so that I&’ 32” -‘- 2. On the other hand, since 2” ’ - 1 of the 2” - 1 
maximal subgroups of G/Z, contain at least one of hiZo, and 2” ’ - 1 of 
these maximal subgroups contain both h,Z,, and h,Z,,, it follows that 
156 DANIEL FROHARDT 
l&l = 2” ~ 2. We therefore have 2” ~ ’ > 2” ’ - 2, which implies that n d 3, a 
contradiction. 
Remark. Gluck’s example G, has an elementary abelian center of 
order 8, so the previous step requires the sharp inequality N> 4. 
We now assume that z d 2”+ * and argue to a contradiction in Step 9. 
Srep 4. If H and K are distinct abelian elements of X, then 
Z= (Zn H) . (Zn K). In particular, if H n Z= 1, then Z< K, and K is the 
unique element of X intersecting Z nontrivially. 
Proof: Let TV Z. Then t = t,* ‘t, with t,EH and t,EK. Since H is 
abelian, t H centralizes H. Therefore t, = tilt centralizes H. Since K is 
abelian, t, also centralizes K. Therefore t, centralizes HK = G, so tKE Z 
and t, = tt, ’ E Z. This proves the first assertion. That implies the second 
one, and the second one implies the third. 
We set .c4= {HEX: HnZ= l} and &‘= {HE.&: @(H)# l}. Letting 
a=l,c9) and a’=J.&“l, we have u~I~I-IZ#I=~“~‘-~+~~~” 2+l. 
The previous step shows that a’ 3 a - 1 b 2” 2. 
Step 5. Q(G) is elementary abelian of order 2” and H n Q(G) # 1 for 
all HE%. 
Proof: We first argue that /@(C)I = 2”. The previous discussion shows 
that u’ > 2” 2. If HE.&” and h+z@(H)#, then h” contains at least 2 
elements of G(G). It follows from Lemma 2(b) that UHE ,.(H#)” contains 
at least 2u’3 2” ’ elements of Q(G). Since 1 E D(G), we have 
I@(G)1 3 2”- ’ + 1. Therefore I@(G)1 3 2” by Lagrange’s theorem. Equality 
follows from Step 2. 
If HEX and Hn@(G)= 1, then IH@(G)( = lHlI@(G)I = ICI, so that 
G = H@(G). This is absurd, so H n Q(G) # 1 for all HE ,ff. 
It remains to show that @(G) is elementary abelian. If Z, = Z n D(G) 
and zO = IZ,I, then at least 2” ’ - zO + 1 elements H of AC satisfy 
H n Z, = 1. For each such H, there is an involution h in H n @(G) which is 
not central in G. This implies that H” n Q(G) contains at least 2 
involutions in @(G)\Z,. Therefore @(G)\Z, contains at least 
2. (2” ~ ’ - zO + 1) involutions, so that D(G) contains at least 2” - zO + 1 
involutions. Since zO d 2” 2, the number of involutions in @(G) exceeds 
$@(G)l. Thus D(G) is elementary abelian by Lemma 1. 
We retain the notation ZO = Zn @(G) and .Y(’ = IZ,I for the rest of the 
proof. It is clear that z,, d z d 2” ‘. 
Step 6. @(C)d Z’(G). 
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Proof Let 9J= {HE.&‘: IH”n@(G)# =2), and let h=l99\. If HE&‘, 
then HG n G(G)” is a union of noncentral G-orbits, so that I H" n Q(G)* I 
is even. Step 5 shows that IHG n @(G)# I ~0. Therefore I HG n Q(G)” I 3 4 
whenever HE .d\B?. We have 
2h + 4(a - h) < 2”- Z”. 
Since a 3 2” ’ - z,+ 1 this implies that 
2h 3 4a - 2” + zO 3 2” - 32, + 4. 
If HE.@ and h E H n Q(G), then h commutes with its only distinct 
G-conjugate h” so that (h, hR) is a normal &-subgroup of G. This implies 
that h E Z’(G), so that H” n Q(G) <Z’(G). Therefore Z’(G) n D(G) 
contains at least 2h + zO, > 2” - 22, + 4 > 2” ’ elements. It follows that 
Q(G) d Z’(G). 
Step 7. If 2~2, then n=4 and z=4. 
Proof It suflices to assume that z > 2 and show that n = 4. 
For HE 2, we set R(H) = {g E G: g”’ is G-conjugate to an element 
of H# for some integer m}. Lemma 2(b) implies that the sets R(H) are 
disjoint, so that 
,;, INW 6 IGI - 1. 
Let HE&’ and let F= {hE H: h2 # I}, f= IFI. By Lemma 1, 
fa al HI = 2”- 2. Every element in FZ squares to a nonidentity element of 
D(H). If te@(H)#, then t EZ’(G)\Z(G), so that t. r”gZ(G)# for all 
g E G\C(t). Since Z(G) n H = 1 this implies that I” n H = {t>. It follows 
that R(H) contains at least 2lFZI = 2fz elements of order 4. Since R(H) 
evidently contains at least 1 HI - I FI involutions (including P), we have 
[R(H)\ >2fz+ IHI -f>2”+2”P2(2z-1)=2”P2(2z+3). 
If H$d’, then /R(H)1 3 IHI” =2”- 1, so we have 
a”2” 2(2z+3)+(2” ‘-a’)(2”- 1)<22”- 1. 
Since a’ 3 2”- ’ - z we have, after a bit of simplifying, 
(2”~‘-z)(2”~lz-2”~2+1)~2’“~‘+2”~’-1. 
Since the left side of this inequality is a quadratic function of z which 
attains a maximum at 2” ’ + $ - 2 -“, and we are assuming that 
4 < z < 2” ~ 2, the inequality must hold at z = 4. 
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When z = 4, the inequality simplifies to 
which holds only for n < 4. Therefore n = 4, as required. 
Step 8. z,# 2. 
ProoJ Let HE a”, and let h E H have order 4. We claim that 
h@(G) c R(H), where R(H) is the set defined in the previous step. If 
Z, = ( y) and r E G(G), then [h, t] E ( y), so either h’ = h or h’ = hy. This 
implies that either (ht)’ = h2 or (ht)’ = h’y. Clearly h2 E H#. Since h2 is an 
involution in Z’(G)\Z(G), and Q,(Z(G)) = ( y) we have that h2y is G-con- 
jugate to h2, so that ht E R(H) in any case. 
Since H contains at least al HI = 2”--’ 2 4 elements of order 4 and 
1 H n @(C)I = 2, there are elements h, , h, of H having order 4 and lying in 
different Q(G) cosets. It follows from the previous paragraph that H is the 
only element of 2 to intersect either coset hi@(G) nontrivially. The 
argument at the end of Step 3 now applies to produce a contradiction. 
Step 9. Conclusion 
In view of Steps 7 and 8, we assume that n = 4 and z0 = 4 and argue to a 
contradiction by counting elements of G\@(G). 
Set %‘= {HE%‘: IHn@(G)I>2}. We claim that %nd=@, that 
)%?I 61, and that if HE%?, then lHn@(G)I =4. Suppose H~%‘nd. 
Then 1 H n @(G)# I 3 3. Since H n @(G) # & Z’(G)\Z(G) the elements 
of Hn@(G)# must lie in distinct G-conjugacy classes. Thus 
)HGn@(G)#(a6.ByStep5, wehave IKGn@(G)#I>,l forallKE%and 
IK”n@(G)#I 22 for all KEY. Therefore 
,f;, IKGn7(G)#I >6+2(a-1)+8-a= 12+a> I@(G)(, 
a contradiction. This shows the first part of the claim. If HE %‘, then 
and 
c JKGn @(C)#l < I@(G)\Hn @(C)l d 12 
KE.W\{Hj 
c IK”n@(G)#I>2a+(7-u)>12. 
KG.X\(H) 
This shows that if %? # 0, then the preceding inequalities are all equalities, 
and the claim holds. 
For HE A?, we set r(H)= IR(H)\R(H) n @(C)I. Then CHtx r(H) < 
(G\@(G)/ = 240. We shall derive a contradiction to this inequality. 
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If HE zZ’, then H contains f> 4 elements of order 4 and, by the 
argument of Step 7, R(H) contains at least 2fz >, 8f elements of order 4. By 
the claim H$%?, so there are at least 14 -f involutions in H\H n Q(G). 
Since f is evidently even and H contains no G-conjugacy classes, it follows 
that R(H) contains at least 16 -f involutions not in Q(G) so that r(H) 3 
7f + 16 >, 44. 
The claim shows that r(H) 3 12 for all HE 2. Consequently, 
44~’ + 12(8 - a’) < 240. This implies that a’ d 4. 
In fact a’ = 4 and X\& contains 3 subgroups each of which contains a 
unique element of Z#. It follows from Step 4 that every element of X\\.(s is 
nonabelian. Let HE X\,c4, and let .F E Z\Z n H. If F is the set of elements 
of H having order 4, then Fy g R(H)\H. Consequently R(H) contains at 
least 2(FI elements of order 4 and at least 16 - 1 FI - 1 H n @(C)I involutions 
lying outside Q(G). This implies that 
The claim shows that 
and also that if HE .d\.zI’, then r(H) 3 14. 
We now have 
c r(H) 3 4.44 + 14 + 52 > 240, 
Ht t+’ 
a contradiction. 
This completes the proof. 
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